Abstract. First order neutral di¤erential equations are studied and su‰cient conditions are derived for every solution to be oscillatory. Our approach is to reduce the oscillation of neutral di¤erential equations to the nonexistence of eventually positive solutions of non-neutral di¤erential inequalities. Our results extend and improve several known results in the literature.
Introduction
We shall be concerned with the oscillatory behavior of solutions of the neutral di¤erential equation 
By a solution of (1), we mean a function xðtÞ that is continuous and satisfies (1) on ½t x ; yÞ for some t x b t 0 . A solution of (1) is said to be oscillatory if it has arbitrarily large zeros; otherwise it is said to be nonoscillatory. Equation (1) is said to be oscillatory if every solution of (1) is oscillatory.
In recent years there has been much current interest in studying the oscillations of first-order neutral di¤erential equations. For typical results we refer the reader to [2] , [3] , [4] , [5] , [6] , [7] , [8] , [12] , [13] , [14] for oscillation criteria, and to [1] , [2] , [3] , [7] , [8] , [11] , [12] , [13] for existence of nonoscillatory solutions. In particular, Jaroš and Kusano [8] have shown that (1) is oscillatory if and only if
under one of the following conditions (a) and (b): (a) s ¼ þ1, 0 < g < 1, 1 < m a hðtÞ a l, r > t > 0; (b) s ¼ À1, g > 1, 0 < hðtÞ a l < 1, t > 0, r < 0. However, very little is known about su‰cient conditions for (1) to be oscillatory for the case where restrictive conditions on hðtÞ, such as hðtÞ a l, is not assumed. For equation (2) with hðtÞ > 0 and s ¼ þ1, the su‰cient conditions for all solutions to be oscillatory have been established in [5, Theorem 10] , [6, Corollary 2] and [7, Theorem 6.4.4] . All of them, however, assume that qðtÞ is t-periodic. Gyö ri and Ladas put forward the following question in [7, Problem 6 .12.10 (b)]: find su‰cient conditions for the oscillation of all solutions of equation (2) with s ¼ þ1 in the case where qðtÞ is not t-periodic.
The purpose of this paper is to obtain su‰cient conditions for equation (1) to be oscillatory without the restrictive condition on hðtÞ or the periodicity of qðtÞ. In Section 2 we reduce the oscillation of the neutral di¤erential equation (1) to the nonexistence of eventually positive solutions of non-neutral di¤er-ential inequalities of the form sz 0 ðtÞ þ pðtÞ½zðt À hÞ g a 0; ð3Þ where h A R, p A C½t 1 ; yÞ and pðtÞ > 0 for t b t 1 . Su‰cient conditions for (3) to have no eventually positive solution have been established by many authors. For example, see [2] , [7] , [9] and [10] . By combining these known results with the results obtained in Section 2, we derive oscillation criteria for equation (1) in Section 3. Our results are extensions and improvements of the results in [4] , [5] , [6] and [7] .
Reduction to non-neutral inequalities
In this section we consider the equation Proof. Suppose to the contrary that there is a nonoscillatory solution xðtÞ of (4). We may assume that xðtÞ > 0 for all large t b t 0 since the case where xðtÞ is eventually negative can be treated similarly. Set yðtÞ ¼ xðtÞ þ hðtÞxðt À tÞ. Then, by (4), yðtÞ > 0 and yðtÞ is decreasing for all large t b t 0 . Integrating (4) over ½t; yÞ, we have 
Then yðtÞ b zðt þ tÞ eventually. We see that z 0 ðtÞ ¼ ÀQðtÞjðyðt À rÞÞ a ÀQðtÞjðzðt À r þ tÞÞ for all large t b t 0 , so that zðtÞ is an eventually positive solution of (5). This is a contradiction. The proof is complete. for all large t > T þ t, which is a contradiction. This completes the proof.
Applying Theorems 2.1 and 2.2 to equation (1), we have the following corollaries. has no nonoscillatory solution, where h A R and p A C½t 1 ; yÞ. In fact, if wðtÞ is an eventually negative solution of (9), then zðtÞ 1 ÀwðtÞ is an eventually positive solution of (8) . Therefore, the conclusions of Corollaries 2.1 and 2.2 follow, by applying Theorems 2.1 and 2.2 to equation (1) and by choosing jðuÞ ¼ minf1; 2 1Àg gjuj g sgn u, oðuÞ¼ u g and lðtÞ¼ 1=½1þ½hðtÀr þ tÞ g .
(Recall Remark 2.1.)
Oscillation theorems
In this section we derive oscillation theorems for equation (1) . First we consider the case g 0 1. We need the following lemmas. For the proofs, see Kitamura and Kusano [9] . 
Proof. If hðtÞ is bounded on ½t 0 ; yÞ, then we easily see that (12) implies (11) . Hence, the conclusion follows from Theorem 3.1. Now we consider equation (2) .
The following results will be required. For the proofs, see Gyö ri and Ladas [ 
Remark 3.2. It should be emphasized that the restrictive conditions on hðtÞ, such as hðtÞ a l, is not assumed in Theorems 3.1-3.3. Theorem 3.2 improves Theorem 10 in [5] , Corollary 2 in [6] and Theorem 6.4.4 in [7] , and give an answer to Problem 6.12.10 (b) raised by Gyö ri and Ladas in [7] .
